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In January 1950, George W. Reitwiesner published an article
describing the first use of a computer, the ENIAC, to calculate the
decimal expansion of =. Starting with Reitwiesner’s description of the
calculation, the ENIAC’s architecture, how it was programmed, and
the mathematics used, this article examines why the calculation was
undertaken, how it was done, and what was subsequently learned.

Over the long Labor Day weekend in 1949, a
team lead by George Reitwiesner at the US
Army’s Ballistic Research Laboratory in Aber-
deen, Maryland, used the ENIAC to compute
the decimal expansion of = out to 2,035 pla-
ces, more than doubling the previous record
of 808 digits."* In addition, during the previ-
ous Independence Day holiday weekend, the
ENIAC was used to compute e to 2,010 digits.
The results of both calculations appeared in
Mathematical Tables and Other Aides to Compu-
tation in 1950.3

This event is noteworthy for several rea-
sons. This was the first use of an electronic
computer to determine the value of =, a
millennia-old problem. The ENIAC, a com-
puter designed to compute ballistic tables,
was not designed to perform the sort of
high-precision calculation required for the
determination of ¢ and n. It could only
store 200 decimal digits, whereas the deter-
mination of e and n required manipulating
numbers more than 2,000 digits long.
Thus, why were scarce computational
resources allocated to this problem? How
was it done? And finally, what was learned
from the exercise?

A Brief History of n
We can begin by quoting from Reitwiesner’s
1950 paper:

Early in June, 1949, Professor John von Neu-
mann expressed an interest in the possibility
that the ENIAC might sometime be employed
to determine the value of 7 and e to many dec-
imal places with a view toward obtaining a
statistical measure of the randomness of the
distribution of the digits. ... Further interest
in the project on n was expressed in July by
Dr. Nicholas Metropolis who offered sugges-
tions about programming the calculation.*

The idea of using computer technology to
investigate theoretical problems in pure
mathematics such as the determination of n
was not a new idea and represented an alter-
native to using the technology to obtain nu-
merical solutions in applied mathematics. In
a letter to von Neumann dated 8 February
1946, M.H.A. Newman, a mathematician at
Manchester University, wrote

with the development of fast machine tech-
niques mathematical analysis itself may take
a new slant, apart from the developments
that may be stimulated in symbolic logic
and other topics not usually in the repertoire
of engineers or computing experts; and that
mathematical problems of an entirely differ-
ent kind from those so far tackled by
machines might be tried, e.g. testing out, the
4-colour problem or various theorems on lat-
tices, groups, etc., for the first few values of n.*

W. Barkley Fritz® provided evidence of this
type of use by listing a number of theoretical
mathematical applications done on the
ENIAC, mentioning that the determination
of = and e were seen ‘“as a means of testing
electronic computer methods for calculations
requiring high precision.””

The determination of the value of =
derives from the problem of finding the
area of a circle. Although some ancient civili-
zations obtained fairly accurate estimates,®
the first known scientific determination was
attributed to Archimedes (278-212 BCE),
who used the perimeters of inscribed and cir-
cumscribed polygons to determine = to 2 dig-
its (3.14).° This classical method achieved its
apogee when Ludolph van Ceulen (1540-
1610) computed = to 35 digits.'® With the ad-
vent of calculus in the late 17th century,
several infinite series formulas for = were
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developed'! and were used over the next two
centuries to determine longer and longer
decimal expansions of z.* In 1853 William
Shanks computed 7 to 608 digits.®> Needless
to say, all these methods were computation-
ally intensive.

As to the interest in the ‘““randomness of
the distribution of the digits”’—that is, do
each of the 10 digits in the decimal expan-
sion of 7 occur roughly 1/10th of the time—
its origin might be traced back to Augustus
De Morgan (1806-1871), who noticed the
smaller number of appearances of the digit 7
in Shank’s 608 digit determination of =.'? It
was later determined that Shank’s determina-
tion had an error beginning at the 528th
digit."?

In the late 1940s, von Neumann, Metrop-
olis, and Stanislaw Ulam began developing
Monte Carlo techniques that required the
generation of random numbers to model
random processes.'* Metropolis and Ulam,
who were at the Los Alamos National Labo-
ratory, were interested in using such tech-
niques to model neutron diffusion
processes'>!® Interest in computational
methods for generating random number
sequences was coupled with the concern
that they be “random.”'” To quote von Neu-
mann, ‘“‘[w]lhen random numbers are to be
used in fast machines, numbers will usually
be needed faster. More significant is the
fact that because longer sequences will be
used, one is likely to have more elaborate
requirements about what constitutes a satis-
factory sequence of random numbers.”'®

Metropolis and Ulam’s seminal paper on
the Monte Carlo method appeared in Sep-
tember 1949, the same month Reitwiesner
undertook the calculation of 7.

One could also speculate that von Neu-
mann, Metropolis, and Reitwiesner’s interests
simply stemmed from a mathematician'’s fas-
cination with numbers.

The Mathematics to Determine eand =
The mathematics used in the determination
of e and = is well known. Again from Reit-
wiesner’s article:

The computation of e was completed over the
July 4th week end as a practice job to gain ex-
perience and technique for the more difficult
and longer project on n. The reciprocal facto-
rial series was employed:

e= io:(n!)*1

1=0

~

One could speculate
that von Neumann,
Metropolis, and
Reitwiesner’s interests
simply stemmed from
a mathematician’s
fascination with

numbers.

For a large enough n, the corresponding
finite series

Z.1 1 1 1
ezZE: TR TR
k=0
can be used to determine e to any degree of
accuracy.?’

Reitwiesner’s article cited three possible
formulas that could be used to determine =,
but he settled on Machin’s formula®' “7/4 =
4 arctan 1/5 — arctan 1/239... in conjunction
with the Gregory series

arctan(x) = tan~!(x)
=Y (-1)"@n+1) K
n=0
This required computing values for the two
alternating sign series

L)1 1 1
s T 5 s s 5 Ty

and

tan ™! i
239

1 1 N 1 1 N
239 3.239°  5.2395 7.2397 7

which were then combined to determine 7.%?

The ENIAC Architecture

The ENIAC was unlike today’s modern com-
puters in that it only had 200 decimal digits
of memory and a limited instruction set to
use for a calculation requiring thousands of
digits of precision. Thus, the ENIAC was not
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Figure 1. ENIAC architecture. A schematic of the
ENIAC’s 31 functional units (including 20 accu-
mulators) connected by data and control buses.

designed to perform the type of calculations
needed to determine e and n. Although the
ability of Reitwiesner’s team to determine e
and 7 to more than 2,000 places is certainly
a tribute to their mathematical and program-
ming skills, given the ENIAC'’s limitations it
raises a question: How did they do it?

The ENIAC was built around 20 accumu-
lators, each capable of both storing a
10 decimal-digit number (plus sign) and
performing addition (or subtraction) at
electronic speeds by transmitting its con-
tent (or its negative content) to a second ac-
cumulator (see Figure 1). The ENIAC units
were connected by a data bus to transmit
the “ten digits plus sign’’ over parallel
wires and by a control bus. Each accumula-
tor contained minimal control logic that
when prompted would allow it to either
transmit or receive ‘“‘pulse trains” to and
from other accumulators. Programming was
accomplished by setting switches on the var-
ious units and wiring the connections be-
tween them using the two buses for control
and data. Thus, program control for the
ENIAC was distributed, not centralized.??

For multiplication, the ENIAC employed a
high-speed multiplier unit that contained
logic to multiply a 10-digit number by a sin-
gle digit to obtain a partial product. The
resulting partial products were shifted and
added together via the accumulators to ob-
tain the final product.
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The other computational unit was a
divider/square rooter, which unlike the mul-
tiplier unit contained no special hardware to
perform division or find a square root. In-
stead, it orchestrated a number of accumula-
tors assigned to it to perform division or find
a square root using addition, subtraction, and
shift operations. Division was done by re-
peated subtractions followed by repeated
additions and so forth, using a technique
called nonrestoring division. Because the
ENIAC used a similar technique to find a
square root, the two operations were com-
bined in one unit.

Input/output was provided by a mechani-
cal IBM card reader and a card punch with
the former being connected to an electronic
constant transmitter that was used to store
constants and provide an interface between
the slow-speed mechanical card reader and
the high-speed electronic ENIAC. There
were also three function table units, essen-
tially 100 x 12-digit read-only memories
(ROMs), which were set by manual switches
enabling the ENIAC to look up values stored
in tables. The function tables played an im-
portant role when the ENIAC was later recon-
figured to execute code stored in them.

Because the ENIAC’s only memory was its
20 accumulators, it was not a stored program
computer with memory enough for both
code and data. For the ENIAC to be truly fast,
both instructions and calculations had to be
executed at electronic speeds that precluded
the use of any kind of mechanical control
such as paper tape. The only way to effectively
achieve the desired computational speed was
to wire the program into the machine.

“’A Logical Coding System Applied

to the ENIAC”’

Because rewiring the ENIAC for each new cal-
culation was time consuming, a way was
found to speed up the programming process.
In a report dated 29 September 1948, titled
““A Logical Coding System Applied to the
ENIAC,” R.F. Clippinger described a numeric
order code (dated 13 November 1947) that
allowed the ENIAC to be programmed using
two-digit numeric codes stored in its func-
tion tables.?* This required some modifica-
tion to the ENIAC, adding some hardware
and then permanently wiring the ENIAC so
it would now execute an operation deter-
mined by that numeric code. Programming
was accomplished by entering order code
into the function tables by hand. This made
the ENIAC similar to a stored-program



computer, although it could not modify its
own code or have a single memory for both
code and data.”® Because function tables
could store as many as 100 12-digit
“words,” the two-digit order codes were
packed six to a word. Initially, there were
60 different two-digit “order”’ codes, but by
1949, the addition of a converter unit
allowed 100 different two-digit “‘converter”’
codes.?® Because of its intrinsic design, the
ENIAC order/converter code formats differed
from machine code formats found on today’s
computers. For example, order/converter
codes did not have operands. (See related
work for additional details.?”)
In his article Reitwiesner writes

Since the possibility of official time was too
remote for consideration, permission was
obtained to execute these projects during
two summer holiday week-ends when the
ENIAC would otherwise stand idle and the
planning and programming of the projects
was undertaken on an extra-curricular basis
by the author.?®

Given that it was 1949, Reitwiesner pro-
grammed the calculations for 7 and e using
the 100-instruction converter code.?

Although the reconfigured ENIAC was dis-
similar to a modern computer, several accu-
mulators functioned much like the registers
found on a modern stored-program com-
puter. Accumulator 6 (AC6) functioned as a
sort of program counter or instruction
pointer storing in its least significant three
digits the function table number and a two-
digit function table index (address) for the
current instruction word/line.*® Conditional
and unconditional branching was accom-
plished by modifying AC6. AC15 functioned
as a sort of a general-purpose register and was
often used as an operation’s source or desti-
nation; results of arithmetic operations were
often written to AC1S.

Thirty-eight of the 100 converter codes
were used to move data between accumula-
tors via AC15. Nineteen codes were opera-
tions where accumulator x was cleared and
the contents of AC15 was transmitted
(added) to accumulator x, after which AC15
was cleared. Nineteen codes were operations
where the contents of accumulator x was
transmitted (added) to AC15. If AC15 was
not cleared first (code 15 cleared AC1S5),
these orders implemented addition.

Input/output was done via 80-column
punch cards that could hold eight 10-digit
signed numbers. A card read operation

Division figured
prominently in the
mathematical formulas
for determining e and .

(code 44) stored the eight 10-digit numbers
in the constant transmitter.*! Four other con-
verter codes (codes 50, 51, 54, and 55) were
used to transmit adjacent pairs of numbers
from the constant transmitter to AC11 and
AC1S5. Output was not as complicated; con-
verter code 45 simply punched the contents
of accumulators AC1, AC2, and AC15-AC20
onto a punch card. Because it was mechani-
cal, I/O was orders of magnitude slower
than the electronic operations performed by
the ENIAC. For example in the time it took
to read one card, the ENIAC could perform
2,500 additions.*?

Other operations in the instruction mix
included clear, multiply, negate (so subtraction
was possible), drop sign, shift (left or right,
single or double accumulator—operations
needed for scaling®®), square root, branch
on positive or zero (called conditional trans-
fer), and divide.

ENIAC Division: Converter Code 63
Division figured prominently in the mathe-
matical formulas for determining e and =.
To understand how high-precision division
was done where thousands of digits were
obtained, we first need to understand how
basic division was implemented on the
ENIAC.

On the ENIAC all numbers had an
assumed decimal point. For example, if the
assumed decimal point was between the
sixth and seventh decades, 3.141592 would
be stored as +00031 41592. The ENIAC's
divider/square rooter orchestrated decimal
division using repeated subtraction and addi-
tion, but to prevent an overflow condition
and for division to work properly, the numer-
ator and denominator had to be scaled
(shifted) so that the numerator’s leading
nonzero digit was no more than one decade
to the left of the denominator’s leading non-
zero digit, with appropriate adjustments of
assumed decimal points.** Division then pro-
ceeded by repeated subtraction and addition
of the denominator from/to the numerator.
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Numerator
07940 00000
04940 00000
01940 00000
-01060 00000

Denominator
03000 00000

sign change!

a

Numerator
-10600 00000
-07600 00000
-04600 00000
-01600 00000

01400 00000

Denominator
03000 00000

sign change!

b

Denominator
03000 00000

Numerator

14000 00000
11000 00000
08000 00000
05000 00000
02000 00000
sign change! -01000 00000

Cc

Numerator
-10000 00000
-07000 00000
-04000 00000
-01000 00000

02000 00000

Denominator
03000 00000

sign change!

d

Quotient
I+

01000 00000

02000 00000

03000 00000

Quotient

- shift
02900 000000
02800 00000
02700 00000
02600 00000

decrement

Quotient

I+ shift
02610 000000
02620 00000
02630 00000
02640 00000
02650 00000

increment

Quotient

- shift
02649 000000
02648 00000
02647 00000
02646 00000

decrement

Figure 2. Example ENIAC division operation (7.940 divided by 3.0 resulting in four digits of accuracy).
(a) The denominator subtracted from the numerator until a sign change occurs (three iterations); each
iteration adds 1 to the ninth decade of the quotient. (b) The numerator shifted and the denominator
added to negative numerator until a sign change (four iterations); each iteration subtracts 1 from the
eight decade of the quotient. (c) The numerator shifted and the denominator subtracted from the
numerator until a sign change (five iterations); each iteration adds 1 to the seventh decade of the
quotient. (d) The numerator shifted and the denominator added to the negative numerator until a sign
change (four iterations); each iteration subtracts 1 from the sixth decade of quotient, leaving a

remainder of 2.

Assuming a positive numerator and denomi-
nator, the denominator was subtracted from
the numerator until a sign change occurred.
Each subtraction was recorded by adding 1
to the ninth decade of the quotient.

For example, if we divide 7.940 by 3.0
with assumed decimal points between the
eighth and ninth decades, 1 is added to
the ninth decade of the quotient for each
subtraction until there is a sign change
(see Figure 2a).

With the sign change, the now-negative
numerator is shifted left and the denomina-
tor is now added back until another sign
change occurs. Fach addition is recorded by
subtracting 1 from the eighth decade of the
quotient, one position to the right of where
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the previous addition was recorded (see
Figure 2b).3°

With the second sign change the now-
positive numerator is again shifted left and
the denominator subtracted until another
sign change occurs. Again each subtraction
is recorded by adding 1 to the seventh deca-
de(see Figure 2c¢).

The process is repeated one more time (see
Figure 2d).

After four iterations, 7.94 =+ 3.0 = 2.646,
remainder 2. The process could be repeated
up to nine times, the number of times
(places) being determined by a switch on
the divider/square rooter unit.*® If both the
numerator and denominator were positive,
and the process repeated an even number of



times, the resulting remainder would be pos-
itive. The remainder is the key in extending
division to high-precision division.

Higher precision can be obtained by
resetting the quotient back to zero and exe-
cuting another set of four iterations to ob-
tain 06666 00000, which concatenated to
the previous quotient yields 02646 66660
with the assumed decimal point between
the eighth and ninth decades (and remain-
der 02000 00000).

In his description of the ENIAC converter
code, W. Barkley Fritz wrote, “[I]f the decimal
point of the numerator is n places from the
left and that of the denominator d from the
left, the decimal point of the quotient is
n — d + 2 places from the left.”*” If the
assumed decimal points for the numerator
and denominator were the same, the
assumed decimal point for the quotient was
between the 8th and 9th decades. If we
used 00079 40000 and 00030 0000 with the
assumed decimal points for the numerator
and denominator between the sixth and sev-
enth decades, the same quotient would be
obtained.

Calculating e and =

Given Reitwiesner’s general description of
the calculations performed on the ENIAC
along with an understanding of the ENIAC's
architecture, how it was programmed, and
the mathematics involved, we can recon-
struct how the calculations were performed
on this machine.?®

While the details of the programming for
each project were completely different, the
general pattern of procedure was roughly the
same. ... In both projects the ENIAC’s divider
was employed to determine a chosen number
i of digits of each successive term of the series
being computed, the remainder after each di-
vision being stored in the ENIAC’s memory
and the digits of each term being added to
(or subtracted from) the cumulative total.
After performing this operation for as many
successive terms as practicable, the remain-
ders for these terms were printed on an
[.B.M. card (the standard input-output vehicle
for the ENIAC), and the process was repeated,
continuing through some term beyond which
the digits of and remainders for all further
terms would be zeros. At this point was
printed the cumulative total of the digits of
the individual terms, which yielded (after ad-
justment for carry-over) the actual digits of
these series being determined.

Because the converter code allocated some
of the 20 accumulators for special tasks, only

12 were available for working storage.*’
Given that five accumulators (AC16-AC20)
were used for punch-card output (along
with AC1, AC2, and AC1S), it makes practical
sense to treat them like an array of integers,
allowing them to store 25 digits of “‘each suc-
cessive term of the series being computed”
assuming five digits per accumulator. An-
other five accumulators (AC3, AC4, AC9,
AC10, and AC14) were then used for the
“cumulative total of the digits of the individ-
ual terms.”

Clearly, Reitwiesner’s team made heavy
use of the punch-card equipment. The pro-
gram's basic structure was to read data from
a punch card, process it, and output the
results, repeating the cycle until there was
no more data, an approach conforming to
the punch-card-based data processing tech-
niques for those times. Because converter
code 45 punched the contents of AC1, AC2,
and AC15-AC20 onto the eight 10-digit
number fields of a standard 80-column
punch card, it’s helpful to refer to each num-
ber field by its accumulator designation.

Concentrating on the easier calculation
for e, the initial set-up proceeded as follows.
To compute values of the 1/k! terms (and
their accumulated sum), an input deck had
the denominator values 1, 1, 2, 3, 4, 5, and
so on punched in, say, the AC2 field, which
would be used to obtain ‘“‘each successive
term of the series being computed’ 1/0!,
1/1!, 1/2!, 1/3!, and so forth. (Note that O fac-
torial equals 1.) The first card had the initial
numerator 1 punched in the AC1 field (the
assignment of variables to accumulators
given here is somewhat arbitrary). All other
fields contained 0. Assumed decimal points
between the sixth and seventh decades
allowed denominators as large as 999.%°

The first card was read and the trivial divi-
sion of 1/1 was performed with the multidigit
quotient for 1/0! being stored in decades two
through six of accumulators AC16-AC20, the
five accumulators holding a total of 25 dig-
its.*! The next card divided the contents of
accumulators AC16-AC20 to obtain 1/1!,
and as each subsequent card was read, the di-
visor in the AC2 field divided the multidigit
quotient stored in accumulators AC16-
AC20 to obtain the value of 1/k! with the
results overwriting their content. However,
before each new division, the content of
accumulators AC16-AC20 was punched out
on another card along with the final remain-
der value stored in the AC1 field (‘‘the
remainders for these terms were printed on
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| AC1

+0000000000
+0000000000
+0000000000
+0002000000
+0002000000
+0001000000
+0005000000
+0000000000
+0000000000

+0000000000

| AC2

+0001000000
+0001000000
+0002000000
+0003000000
+0004000000
+0005000000
+0006000000
+0007000000
+0008000000

+0000000000

| AC15

+0000000000
+0000000000
+0000000000
+0000000000
+0000000000
+0000000000
+0000000000
+0000000000
+0000000000

+0000000000

| ACl6

+0001000000
+0001000000
+0000500000
+0000166660
+0000041660
+0000008330
+0000001380
+0000000190
+0000000020

+0002718280

| AC17

+0000000000
+0000000000
+0000000000
+0000666660
+0000666660
+0000333330
+0000888880
+0000841260
+0000480150

+0000182840

| AC18

+0000000000
+0000000000
+0000000000
+0000666660
+0000666660
+0000333330
+0000888880
+0000984120
+0000873010

+0000590450

| AC19

+0000000000
+0000000000
+0000000000
+0000666660
+0000666660
+0000333330
+0000888880
+0000698410
+0000587300

+0000235360

| AC20 |
+0000000000
+0000000000
+0000000000
+0000666660
+0000666660
+0000333330
+0000888880
+0000269840
+0000158730

+0000028620

Figure 3. ENIAC calculation for e.*? The fourth line (and thus punch card) shows the 25 digits 0.1666 ..., which is 1/3!.
The underlined numbers in the last row show the cumulative total of the digits.

an I.LB.M. card”) and the original divisor (AC2
field). These cards were used for subsequent
passes. The AC15 field was ignored. Figure 3
shows the fourth ‘“card” down, which con-
tains the 25 digits 0.1666... which is 1/3!.
AC1 contains the remainder 2.

At the same time, the values for 1/k! con-
tained in accumulators AC16-AC20 were
accumulated in the second set of five accu-
mulators (AC3, AC4, AC9, AC10, and AC14)
in reverse order—that is, AC20 was first
added to AC14. Because only decades 2
though 6 contained digits, any carry out
from the addition appeared in the seventh
decade, which was extracted (using shift
codes) and carried over to the next addition.
The sequence repeated for AC19, AC10, and
so forth. “[T]he [entire] process was repeated,
continuing through some term beyond
which the digits of and remainders for all fur-
ther terms would be zero.” Because 1/25! was
approximately 10~2°, roughly 30 cards would
be used for the first pass. At this point was
printed the cumulative total of the digits of
the individual terms which yielded ... the
actual digits of the series being determined”
(see the underlined digits in Figure 3).

The cumulative sum card could be pulled
out while the remainder cards would be
turned around, the deck extended (more
cards with denominators added), and used
as input with the remainder in the AC1
field used as the numerator. This extended
the number of digits of each ‘‘successive
term of the series” to the next 25 digits.

The cards bearing the remainders then were
fed into the ENIAC reader, and the entire pro-
cess was repeated for the next i digits, the
ENIAC reading each remainder in turn and
placing it before the digits of the appropriate
term. Each deck of cards bearing remainders
was then employed to determine the “next” i
digits and the ‘“‘next” deck of “remainder”
cards continuing through the first stopping
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point beyond the 2000th decimal place. The
cards bearing the cumulative totals of sets of
i digits of the terms were then adjusted for
carry-over into each preceding set of i digits.
In the case of e this yielded the final result;
in the case of = all of the above described oper-
ations were performed once for each inverse
tangent series, so that each set of “‘cumulative
total”” cards, adjusted for carry-over, yielded
the digits of one of the series, the final result
being determined by the combination of these
series in an appropriate manner.

The initial deck of 31 cards (denominators
1,1, 2,3,...,30) more than sufficed to obtain
the first 25 digits of e (the first 25 digits of
1/30! are zeros). The remainder deck, aug-
mented with 20 additional cards (denomina-
tors 31-50), was used as input to obtain the
next 25 digits of e because the first 50 digits
of 1/k! are zero for k > 45.

When the process was repeated for the
next 25 digits, the next accumulated
sum (accumulators 3, 4, 9, 10, and 14) was
obtained and punched out on the final
card. Combining the two cumulative sums
yields e accurate to just under 50 digits (be-
fore carry over from the right). This could
be done by a separate high-precision addition
program (or even by hand!).

This process was continued until a little
more than 2,000 digits of e were obtained
with the size of the next input deck growing
with each pass (I estimate the final pass
required more than 800 cards).

Determining = required first computing
then combining the two arctangent series
arctan(1/5) and arctan(1/239). For arc-
tan(1/5), values for the terms 1/5%*! and

1
(2k 4 1)52k+1

and the accumulated sum of the latter terms
must be computed and stored. Unlike the



terms of the series used for e, the denomina-
tor of a term in the arctangent series is not a
factor of the denominator of the following
term so the recursive division method used
to compute 1/k! for e will not work in the
same way. Moreover, because the terms of
arctangent series alternate in sign, positive
and negative values for the

1
(2k + 1)5%+!

terms occur; when accumulating sums, either
a carry or a borrow could be propagated.

Reitwiesner’s article gives little informa-
tion on the exact details of how all this was
done, except to indicate that the determina-
tion of = was more difficult.

The number of places i chosen for the each
interval of computation, the maximum mag-
nitude of each remainder, the amount of
memory space available, and the details of
the divider operation (the number of places
to which each division can be performed to
yield a positive remainder, and the necessary
conditions of relative and absolute position-
ing of numerator and denominator) all were
interrelated, and where opportunity for se-
lection existed, that selection was made
which provided maximum efficiency of com-
putation. In the case of = there was imposed
the additional requirement that identical
programming apply for all series employed
and for this reason the formula: n/4 = 4 arc-
tan 1/5 — arctan 1/239 was superior to the
other two.

In any case, the programming techniques
used to determine = did not differ in any es-
sential way from those used to obtain e. To
obtain the terms for arctan(1/5), the terms
1/5%%*1 could be recursively computed fol-
lowed by division by +(2k+1). This meant
that values for both terms 1/5%*! and

1
(2k 4 1)52k+1

would have to be stored (and punched out)
unlike the calculation for e. Given the
ENIAC's limited working storage, a separate
pass might have been used to sum the
terms for the arctangent.

The actual required machine running time
for both computation and checking in the
case of e was around 11 hours, though card-
handling time approximately doubled
this...; actual required machine running
time (including card-handling time) for =
was around 70 hours.

Conclusion

[A] pioneering computer is more than just
hardware. The software should be equally
emphasized, particularly because it tended to
be ephemeral, yet often contained significant
intellectual effort. Interest in the first pro-
grams to run on early computers is fully justi-
fiable if only to gain an understanding of how
it was done and how it had to be done. Cod-
ing those programs posed challenges we
have largely forgotten. By today’s standard,
the machines were primitive with limited
memory, limited instruction sets, and un-
usual architectures. Yet despite the obstacles
posed by the early computer hardware, sur-
prisingly useful and even elegant programs
could be run on them.*?

Although details of the original computa-
tion for = and e might differ, given the con-
straints imposed by the ENIAC architecture,
the converter code instruction mix, the
mathematics used for the computation, and
Reitwiesner’s description, the computational
method outlined in the previous section,
must be a generally accurate description of
how ¢ and n were determined on the
ENIAC. Because Reitwiesner mentions in his
description that techniques were used to
“provide maximum efficiency of computa-
tion,” it seems obvious that given the team’s
more intimate knowledge of the ENIAC,
they used techniques to tweak the calcula-
tions. To my knowledge, there is no record
of how the calculations were done on the
ENIAC except for Reitwiesner’s general de-
scription, and after 60 years, it’s likely that
any program notes were lost. However, an
educated guess of how the actual computa-
tion might have been done is fully justified
given these constraints.

The ENIAC’s more than 2,000-digit record
for 7 stood for five years until it was surpassed
in 1954 by a 3,000-plus-digit determination
of n performed on the IBM built Naval Ord-
nance Research Calculator (NORC). While
the ENIAC calculation took 70 hours, the
NORC computation took all of 13 minutes!**
Like the ENIAC, the NORC was also a decimal
machine, but it hads 2,000 16-digit words of
memory, compared to the ENIAC’s 20 10-
digit accumulators. Like the ENIAC, the
NORC used Machin’s formula for n/4. By
the second half of the 1950s, records of
10,000 and 16,167 digits were achieved.® Fi-
nally in 1961 Shanks and Wrench computed
100,000 digits of = on an IBM 7090—a com-
putation requiring more than eight hours of
runtime.
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The ENIAC’s more than
2,000-digit record for &
stood for five years until
it was surpassed in 1954.

Recalling that the reason for undertaking
the determination of e and = was to obtain
““a statistical measure of the randomness of
the distribution of the digits,”” Reitwiesner
reported

Only the following minor observation is
offered at this time concerning the random-
ness of the distribution of the digits.... A pre-
liminary investigation has indicated that the
digits of e deviate significantly from random-
ness (in the sense of staying closer to their
expected values than a random sequence of
this length normally would) while for = no
significant deviations have so far been
detected.

A follow up article by Metropolis, Reit-
wiesner, and von Neumann elaborated on
this observation.*® If the digits of ¢ and =
are uniformly distributed in the sense that
each of the 10 digits is equally likely to
occur, then out of 2,000 digits you'd expect
each digit to occur about 200 times. You'd
also expect some random fluctuation (sort
of a Goldilocks’ test, ‘“‘not too hot, not too
cold”) except that the occurrences of the dig-
its of e do not fluctuate as much as the occur-
rences of the digits of n.*” The follow-up
article goes on to report that an additional
500 digits of e were computed (thus extend-
ing the determination of e out to 2,500 digits)
but that “‘the general size of p,,” the measure
of the digits’ randomness, ‘“as well as its sud-
den deviation at n = 2,000, indicate a non-
random character in the digits of e.”"*®

In one final legacy to all of this, at the end
of his paper Reitwiesner wrote,

Values of the auxiliary numbers arccot
5 and arccot 239 [i.e. arctan(1/5) and
arctan(1/239)] to 2035D are in the posses-
sion of the author and also have been depos-
ited in the library of Brown University and
the UMT file of MTAC.

The documents were found in the Mathe-
matics of Computations Math Tables Collection

IEEE Annals of the History of Computing

1944-1994 at the Briscoe Center for Ameri-
can History, University of Texas, Austin. Cop-
ies are in my possession.
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